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Several experiments in the near future will test dark energy through its eets on the linear
growth of matter perturbations. It is therefore important to nd simple and at the same time
general parametrizations of the linear growth rate. We show that a simple tting formula that
generalizes previous expressions reprodues the growth funtion in models that allow for a growth
faster than standard, as for instane in salar-tensor models. We use data from galaxy and Lyman-α
power spetra to onstrain the linear growth rate. We nd γ = 0.6+0.4
−0.3 for the growth rate index
and η = 0.0+0.3
−0.2 for the additional growth parameter we introdue.
I. INTRODUCTION
After several years from the rst works [1, 2℄, the evidene of dark energy (DE) still rests primarily on bakground
quantities like the luminosity distane and the angular diameter distane [3, 4, 5℄. Only reently the ross-orrelation
of the integrated Sahs-Wolfe eet with the large sale struture yielded an independent proof of the existene of
dark energy that rely on the linear growth of the gravitational potential [6℄. In the future, galaxy and Lyman-α
power spetra at high redshift and weak lensing surveys from ground and from spae will oer the opportunity to test
ompeting dark energy models to a very high preision using a mix of bakground, linear and non-linear indiators
[7, 8℄.
In order to use the growth rate of linear utuations as a test of DE, it is however neessary to formulate simple
expressions that embody a large lass of models, so as to provide observers with a pratial tool to analyse the data.
This proedure has proved most onvenient with the equation of state of DE, whose parametrizations aord the
ommunity to quikly ompare the dierent experiments and to optimize the design of further surveys (see eg [9℄).
Sine many years it has been known that a good approximation to the growth rate of the linear matter density
ontrast δ in standard models of gravity and dark matter is given by the simple expression [10, 11℄
s ≡
δ′
δ
≈ Ωγm , (1)
where the prime stands for derivative with respet to log a and where γ ≈ 0.55. In [12℄ it was found that this growth rate
also aounts for oupled dark energy at small z and small oupling β (see denition below) with γ ≈ 0.56(1−2.55β2).
The formula works quite well also in the ase in whih DE is desribed by a mildly varying EOS w(z) when generalized
with [13℄ γ ≈ 0.55 + 0.05(1 + w(z = 1)).
However, this formula has an obvious drawbak: assuming a onstant or weakly varying γ > 0, it implies s ≤ 1
at all epohs sine in standard osmology the matter density parameter is always 0 ≤ Ωm ≤ 1. More exatly, if γ
is a onstant, then s is always either smaller or larger than unity. Therefore, this t is unable to test for deviations
from the standard paradigm of utuation growth, whih assumes s = 1 for the matter-dominated universe at high
redshifts. This assumption is of ourse dangerous in view of the multitude of dark energy or modied gravity models
urrently being studied and should not be taken for granted without serious srutiny.
In this paper we show rst that the s > 1 behavior takes plae in one of the simplest lass of modied gravity
theories, namely salar-tensor models or their Einstein frame ounterparts, and then we introdue a simple new tting
formula that generalizes eq. (1). We note that a similar faster-than-standard growth has been found also in TeVeS
modied gravity models [14℄. Finally, we ompare our tting formula with the (santy) data available at the present.
II. THE GROWTH FUNCTION IN SCALAR-TENSOR THEORIES
In this setion we show that generially s > 1 at early times and s < 1 at late times in a simple lass of modied
gravity theories.
Let us onsider a generi salar-tensor model in Einstein frame. It is well-known that in the Einstein frame, the
frame in whih the gravitational equations are in the Einsteinian form while matter is not onserved, the salar degree
2of freedom of a salar-tensor theory ats as a new fore on matter, as expressed by the new onservation equations
(here we use subsripts c for CDM, b for baryons, φ for the salar eld, and γ for radiation ) [15, 16, 17℄
T µν;µ(c) = −Cc(φ)T(c)φ;µ , (2)
T µν;µ(b) = −Cb(φ)T(b)φ;µ , (3)
T µν;µ(φ) = [Cb(φ)T(b) + Cc(φ)T(c)]φ;µ , (4)
T µν;µ(γ) = 0 , (5)
where for generality we assumed that the oupling funtions depend on the speies (while radiation remains unoupled
beause it is onformally invariant). In a FRW metri with sale fator a these equations beome (we assume at
spae throughout)
φ¨+ 3Hφ˙+ V,φ = κ(βcρc + βbρb) ,
ρ˙c + 3Hρc = −κβcρcφ˙ ,
ρ˙b + 3Hρb = −κβbρbφ˙ ,
ρ˙γ + 4Hργ = 0 ,
3H2 = κ2(ρb + ρc + ρφ), (6)
where κ2 = 8piG, βc = Cc/κ, βb = Cb/κ, H = a˙/a (note that we use a oupling β whih is
√
2/3 the β used in ref.
[17℄). Then we have immediately
ρc,b = ρ(0)c,ba
−3 exp
{
−
∫
βc,b(φ)dφ
}
. (7)
To simplify the analysis and to satisfy loal gravity onstraints we put from now on βb = 0 and βc = β = const.
As it has been shown in refs. [17℄, for β <
√
3/2 the standard matter era that preedes the nal aeleration is
replaed in this oupled model by an epoh in whih the energy density frations Ωm,Ωφ of matter and eld are
onstant and equal to
Ωφ =
2
3
β2 , (8)
and Ωm = 1 − Ωφ. During this epoh one has φ
′ = 2β (the prime stands for d/d log a) and the sale fator grows
as a ∼ t
2
3(1+we)
with we = 2β
2/3 (these values are approximated sine are obtained negleting both baryons and
radiation). This new matter era has been denoted as φMDE in previous works. This ours when the potential is
negligible with respet to the eld kineti energy. Sine the potential is dominating the nal aelerated epoh, it is
lear that the φMDE generially will take plae before aeleration and, of ourse, after the radiation era. This in fat
is what has been observed in several numerial and analytial investigations, for instane in the ase of exponentials
and inverse power-law potentials V (φ) = Aφ−n [18℄. In the Jordan frame, where matter is onserved, the φMDE
orresponds to the standard solution of the Brans-Dike original theory (whih is derived in absene of a potential)
aJ ∼ t
2+2ω
4+3ω , (9)
upon the substitution
β2 =
1
2(3 + 2ω)
. (10)
Therefore, the φMDE is quite a generi feature of salar-tensor models and it also shows up in some f(R) models
[19℄. We now show that during φMDE the growth of utuations is faster that in a standard matter era. In ref. [20℄
it has been shown that the perturbation equations in the sub-horizon regime is
δ′′c +
(
1 +
H′
H
− βcφ
′
)
δ′c −
3
2
(γccδcΩc + γbcδbΩb) = 0 , (11)
where again the prime stands for derivation with respet to log a, and where γij = 1 + 2βiβj and H is the onformal
Hubble funtion H ≡ aH . We assume the baryon omponent to be negligible. Then the utuation equation an be
solved analytially during the φMDE:
δ ∼ a1+2β
2
, (12)
3from whih it appears that s = 1 + 2β2. In the Jordan frame, the growth rate is instead
δJ ∼ a
2+ω
1+ω ∼ a
1+2β2
1−2β2 , (13)
whih also gives a rate larger than unity. When the φMDE ends and aeleration takes over, the rate s delines
steadily to zero as in standard ases. Therefore, as we antiipated, s goes from a value larger than unity to a value
smaller than unity.
III. A GENERALIZED FIT
We now proeed to nd a onvenient t to the full evolution of δ(a) for the oupled models introdued in the
previous setion. In the standard senario δ obeys the equation
δ′′(α) + (1 +
H′
H
)δ′(α)−
3
2
Ωmδ(α) = 0, (14)
where
H′
H
= −
1
2
(1 + 3wφ(α)Ωφ(α)) = −
1
2
(1 +
Ω′m
Ωm
) (15)
The solution an then be approximated as
δ(α) = e
R
α
0
dα′Ωm(α
′)γ . (16)
In our modied gravity eq. (14) beomes
δ′′ +
(
1 +
H′
H
− βφ′
)
δ′ −
3
2
Ωm(1 + 2β
2)δ = 0 . (17)
One simple possibility would be to generalize (16) as
δ(α) = e
R
α
0
dα′Ωm(α)
γ(1+cβ2) , (18)
with c a parameter to be determined by a least square t. The hoie of a β2 behavior is suggested by the fat that the
φMDE depends only on β2. However, this new t is not very pratial beause it ontains the funtion Ωm(α) that
should be obtained by numerially integrating the bakground equations and therefore depends on the eld potential.
To overome this diulty, we propose to use instead the standard expression for Ωm :
Ω(s)m (a) =
Ωm,0
Ωm,0 + (1− Ωm,0)a−3wˆ
, (19)
where wˆ = (log a)−1
∫
w(a)da/a and the subsript 0 denotes the present time. For the oupled dark energy model we
are onsidering here, we approximate w(z) ≈ wφ(z = 0); although one ould easily expand w(z) to higher orders, our
approximation is suient to show that our generalized t works well. Therefore we dene the rate
s ≡ Ω(s)m (α)
γ(1 + cβ2) . (20)
In this way, the growth rate an be parametrized by Ωm,0, γ, and the ombination η ≡ cβ, plus the parameters that
enter w(z). Now, even in the limit Ωm → 1 one has s 6= 1. In the next setion we show that this generalized t is
indeed a good approximation. Sine we know that during the φMDE (i.e. at high z, for whih Ω
(s)
m ≈ 1) one has
s = 1 + 2β2 we an antiipate that the result will be lose to c ≈ 2.
Conluding this setion we note that eq. (20) should be seen for what it is, i.e. a phenomenologial t. The
relation of Ωm,0, w(z), γ and η to the underlying theory will of ourse depend on the theory itself. For instane,
the identiation of Ωm,0 with the presently lustered mass in galaxies and lusters of galaxies is atually a model-
dependent assumption; if gravity is not standard this assumption is likely to be inorret. All we are assuming here is
that the Friedmann equation an be written as the sum of two omponents, one that dilutes as Ωm,0a
−3
and the other
as (1 − Ωm,0)a
−3(1+wˆ)
; if the gravitational equations are not standard, one has to dene Ωm(a) suh that the above
parametrization is still valid. The advantage of using (19-20) is that both bakground and linear growth are tted
by the same expression for w(a); that is, one one adopts a presription for w(a) one an t all the data by simply
adding the two parameters γ and η (plus possibly further parameters to aount for the anisotropi stress, see eg.
[21℄). Of ourse, in priniple one ould proeed in dierent ways: for instane, one ould parametrize Ωm(a) so that
values larger than unity in the past were allowed so as to fore s > 1. Trivially, in fat, our parametrization above
ould be written equivalently dening a new density Ωm ≡ Ω
(s)
m (1 + η)1/γ ; this density parameter would however not
be the same that appears in the Friedmann equation.
40 5 10 15 20
z
0.8
0.9
1
1.1
g
Wm = 0.3
Β = 0
Β = 0.2
gfit
gexact
Β = 0.1
Figure 1: We ompare the funtions gfit ≡ δfit/a (red solid urves), given by the tting formula (18) with the best t
(parameters γ=0.56, c = 2.1) for two dierent values for β, to the exat solutions gexact ≡ δexact/a (blak dashed urves) of the
dierential equation (14) for the growth rate. The urve for β = 0 also gives the standard best t (i.e. for c = 0). All urves
are normalized at unity at z = 20. The ases β = 0, 0.2 are for an exponential potential, the ase β = 0.1 for V ∼ 1/φ.
IV. COMPARING THE FIT TO THE NUMERICAL RESULTS.
We solved numerially the bakground equations of the system (6) hoosing an exponential form for the potential
V (φ) and negleting the fration of baryons and radiation. Then we solved numerially the dierential equation (17),
thus obtaining a solution (that we denote δexact) whih depends on the value of the oupling onstant β. For β ranging
between 0 and 1/2, we found that the values of the parameters γ, c appearing in (20), whih produe the best t to
δexact are γ = 0.56 and c = 2.1. Our best t is therefore
δfit(α, β) ≡ e
R
α
0
dα′Ω(s)m (α)
0.56(1+2.1β2) , (21)
where we remark again that we use the standard expression for Ωm(a).
This new funtion is really a good approximation to the exat solution δexact, for dierent values of the oupling
onstant β, as one an see in Fig.1 where the urves of the growth fator g ≡ δ/a for two dierent β and the
orresponding gfit are plotted. In Fig.2 we present the level of auray of the tting formula. As it an be seen we
nd ts to better than ≈1% for dierent values of β. Moreover, we nd that the best t values of the parameters do
not depend on the atual value of the present matter density Ωm,0. We experimented also with an inverse power-law
potential and found that also in this ase eq. (21) is a good t (see urve for β = 0.1 in Fig. 1). Without the
η-orretion the relative error (δfit − δexact)/δexact beomes larger than 15% already for β = 0.2.
V. COMPARING THE FIT TO THE OBSERVATIONS
In the previous setion we have seen that the expression
s ≡ Ω(s)m (α)
γ(1 + η) , (22)
where Ω
(s)
m (α) is given by eq. (19) gives a good t to the evolution of δ during both the deelerated and aelerated
regimes for oupled dark energy models with onstant β < 1/2 if γ ≈ 0.56 and η = 2.1β2. Here we take some
preliminary steps towards omparing the t (22) to the observations. An indiation for a positive η ould signal an
attrative fore additional to standard gravity as in a salar-tensor model; on the other hand one an speulate that
a negative η ould be related to the slowed growth indued by a hot matter omponent.
We onsider the following data: a) Lyman-α power spetra at an average redshift z = 2.125, z = 2.72 [23℄, z = 3
[24℄; b) the normalization σ8 inferred from Lyman-α at z ranging between 2 and 3.8 [25℄; c) galaxy power spetra at
low z from SDSS [26℄ and 2dF [27℄. From the three Lyman-α and the SDSS spetra we estimate the ratios
r(ki; z1, z2) =
P (ki, z1)
P (ki, z2)
, (23)
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Figure 2: Level of auray of the best t to the exat solution for the growth rate. For β ranging between 0 and 0.3 the ts
are better than 1.2%. Without the orretion the relative errors would be larger than 15% already for β = 0.2.
for the values of ki for whih there are tabulated value of the spetra (or for interpolated values and errors when the
tabulated wavenumbers dier). For the σ8 data we estimate the ratios between suessive values of z,
r(z1, z2) =
σ28(z1)
σ28(z2)
(24)
(note that ref. [25℄ reports the values of σ8 extrapolated at the present epoh).
For the Lyman spetrum at z = 3 and for 2dF (z = 0.15), the authors of [24, 27℄ give diretly their estimation of the
growth rate, sobs =0.49±0.10 for 2dF and sobs =1.46±0.29 for the Lyman-α data. Then we ompare the observations
to our t by using the likelihood funtion
L = N exp
∑
i
(
−
(ri,obs − ri,teor)
2
2σ2i
)
exp
∑
j
(
−
(sj,obs − sj,teor)
2
2σ2j
)
, (25)
where the errors σi are obtained from the quoted errors on P (k) and σ8 by standard error propagation.
As we will see the data available at the present are not suient to set stringent limits to the growth funtion.
Moreover, there are several soures of possible systemati eets that we annot aount for. For instane, the matter
spetra derived from Lyman-α louds are obtained through alibration (ie. bias orretion) with N -body simulations;
these simulations have been generated only for a limited set of osmologial models. It is diult to quantify the
impat of this limitation upon our results; the fat that we onsider ratios of spetra from similar soures (eg Lyman-α
louds) might however alleviate the problem sine one an expet that the alibration errors are only weakly dependent
on redshift. For this reason we onsider separately the ratios of the high-z Lyman-α spetra to the low−z SDSS galaxy
spetra; our nal results do not take these into aount.
The urrent observational situation is summarized in Fig. (3) (and the assoiated Table I), in whih we plot the
data we used in this work, along with the ΛCDM growth rate and with our best t (see below). This gure gives a
lear idea of the potential for improvement in the observational estimation of the growth rate.
We assume that the funtion s depends on four parameters, (Ωm,0, w0, γ, η). We assume also a at prior Ωm,0 ∈
(0.05, 0.4) and w0 ∈ (−1,−0.6) whih generously aounts for the supernovae onstraints (negleting the phantom
region). Our main result is ontained in Fig. (5), whih displays the likelihood ontour plots at 68%,95 and 99.7%
in the plane (γ, η), marginalizing over Ωm,0, w0. Remarkably, the best t values pratially oinide with the ΛCDM
predition, (η, γ) = (0, 0.6). However the likelihood extends onsiderably on both negative and positive η and even
negative values of γ are not exluded beyond 3σ. In Figs. (6-7) we plot the marginalized 1D likelihoods for γ and η.
The results are tabulated in Table II. The best t values and 1σ errors are
γ = 0.60+0.41
−0.30 , η = 0.00
+0.28
−0.18 . (26)
As we antiipated, the urrent data impose only very weak onstraints on γ, η . For ompleteness, we also quote in
Table II the best t and errors on γstandard, i.e. assuming a standard model in whih η = 0. Even in this ase the
6z s
ref. [23℄
2.125; 2.72 0.50; 0.98
ref. [25℄
2.2; 3 -1.147; 1.175
2.4; 3.2 -0.94; 1.198
2.6; 3.4 -0.686; 2.010
2.8; 3.6 -0.908; 1.778
3; 3.8 -1.207; 1.799
ref. [24℄
3 1.46±0.49
ref. [27℄
0.15 0.49±0.10
Table I: Summary of observational data. We report in the z and s olumns either the orresponding ranges or the entral value
and errors. For the σ8 data or ref. [25℄ we hose to report the errorboxes on s obtained using the ratios at the given redshifts.
1σ 2σ 3σ
η 0.00+0.28
−0.18
+0.58
−0.38
+1.1
−0.58
γ 0.60+0.41
−0.30
+0.97
−0.49
+1.6
−0.74
γstandard 0.60
+0.34
−0.26
+0.77
−0.40
+1.4
−0.50
Table II: Best t and errors (marginalized over all other parameters).
likelihood distribution for γ remains very broad, although now negative values are rejeted at more than 3σ. Inluding
the ratio of Lyman-α to SDSS power spetra has a minor eet on γ and moves the best t of η to −0.2.
Assuming η < 0.58 at 2σ we an derive an upper limit to the oupling β introdued in Set. 2,
β < 0.52 (27)
(at 95% .l.). This limit is very weak when ompared to the CMB limits [18℄ but it is nevertheless interesting sine
it is independent and derived uniquely from the growth rate at small redshifts.
VI. CONCLUSIONS
The searh for useful parametrizations of the dark dynamis is important sine as it has been shown several times
every parametrization introdues some arbitrariness in the way data are analysed [29℄. In partiular, with the advent
of models of dark energy based on modiation of Einstein's gravity, we have beome aware of many possible trends,
both at the bakground and at the perturbation level, that are not easily aounted for with earlier parametrizations.
In this paper we introdued a generalized form of parametrization of the growth rate that allows for a rate s 6= 1, i.e.
faster or slower than the standard matter-dominated growth. We show that this parametrization is suitable to model
the utuation growth in oupled dark energy models and in salar-tensor models.
We have analysed the urrent data in searh of observational onstraints on γ, η. Considering data from Lyman-
α and galaxy power spetra at various redshifts we have obtained (rather weak) onstraints on both parameters.
The best t turns out to be very lose to the ΛCDM preditions. Many future experiments based on weak lensing
or baryon osillations will be able to estimate the growth rate and other utuation parameters with muh higher
preision [21, 22, 28℄. We expet therefore that the onstraints derived in this paper will soon be superseded by muh
more preise ones and that new estimates of the growth fator will help in larifying the nature of dark energy.
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Figure 3: Summary of experimental data for the growth rate s, as detailed in Table I. The big oloured errorboxes represents
the ratios σ(z1)/σ(z2) for various z intervals of ref. [25℄ (three additional very large errorboxes have been exluded from the
plot but not from the analysis); the smaller blak box represents the average spetral ratio for the Lyman-α data of ref. [23℄.
The two points with errorbars are from ref. [27℄ and ref. [24℄. The blak solid line is the ΛCDM model, the red urve is
the oupled dark energy model with Ω = 0.2 and β = 0.4 (i.e. η = 0.34) and the dashed blue urve is the overall best t
(Ωm,0, w0, γ, η) = (0.05,−0.6, 0.4, 0.45).
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Figure 4: Tridimensional likelihood funtion marginalized on Ωm,0 and w0 . The peak orresponds to (γ, η)=(0.6,0).
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